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Exercise 0: Invariance of 4-volume

Prove that d®x dk is a scalar invariant.
We know that
3k’ &Pk
K ko
is a scalar invariant, where the primed momenta k’ refer to a different reference frame. Indeed, this is equivalent
to the 4-volume with the constraint for the particles to be on shell:

1d3k
4 0 2 2
0 — = - —
d*kO(k”)o(k* —m?) 5 %0
We choose the primed frame of reference at rest, where:
k=0 (1)

and therefore dx’ is the proper volume. We know that:
1
d*x = /1 —v2d? ’:;dg’x’ (2)

On the other hand, from Lorentz transformation:

1
k) =~k 3
0= ko (3)
being also ko = k°.
If we calculate: . '
Pxd’k = —~dPx' 2K = d*x' d°K/, (4)
v ko
by exploiting
1 ko
—— =1 5
7 ko ®)

Thus d®x d3k is a scalar invariant.

Exercise 1: Derivation of the entropy rate

Ref: Kinetic Theory - Lecture 1 (Prof. Plumari).

Recall the definition of entropy 4-flow and entropy rate which have been given in the lectures:

3
S / %k”f(x,k)[log fla k) —1] = —/de“fk[log fio —1; (6)

(=0,8" =~ [ dK1og fu" 0,5 (7)



In the RHS we used the compact symbols:

3k
which will be useful in the following to simplify the notation.

We have the complete expression for the binary collision integral:

1
B0 fe =y / K" AP AP (o fo Wy — Fifie Wi oot ). ()

thus the expression for the entropy production becomes:

1
C = —5 /deK/ dP dP/ IOg fk(fpfp’pr’|kk’ — fkfk’Wkk’\pp’) = (10)

Since we are integrating over momenta, we can split the integral and rename the variables:

1
=3 [/ dK dK’ dP dP'1og fi(fyfr Wit k) — /deK/ dP dP’ logfk(fkfk./Wkk/pp/)] - (11)
1
=3 [/ dK dK' dP dP'10g fi(fy fr Wp ki) — /deP’ dK dK’ log f,,(fpfplwpp,w)] - (12)
1
= —5 /dK dK/ deP/(IOg fk - IOg fp)fpfp’pr’\kk’ (13)

We can go even further in the symmetrization, since one can exchange k +— k' and p «+— p’ in the transition
rate: Wy krr = Wy pjirk- One immediately gets:

= _i/dK dK’ dePl[log(fkfk’) - 1Og(fpfp’)]fpfp’wpp’\kk’ (14)

We can still exploit microreversibility:
Wopr ik = Wi jppr -

If we multiply by fi fi- both sides and integrate over momenta:

/ dK dK' dP dP' f, fro Wiy itr = / dK dK' dP dP' fy, fr: Wik jpp (15)
/ dK dK' dP dP' fi froWopp i = / AK dK' dP dP' f, fi W ke (16)
/deK’ AP dP'(fy frr — fo Lo ) Wopritr = O (17)

Now we can just sum the latter equation and Eq. (14), to get the most symmetrized version of the entropy rate:

(= —i /dK dK'dP dP' {[log(fi fir) —og(fpfp )] fofor + folo — Frfir} Wopr i = (18)
1 !/ / / ’
- -7 / dK dK' dP dP {log (ﬁi’j) - fii’j + 1} Fo Lo Woptliokr (19)

(20)

This is the expression we were looking for, since now the integrand is manifestly non-negative, due to the fact that
also the distribution function and the transition rate W are positive.

Exercise 2: Determination of ¢ and b (Jiittner Distribution)

Ref: Kinetic Theory - Lecture 1 (Prof. Plumari).



Prove that b* o« u*

We know that the particle 4-flow:
NH = /de“fk = e“/dKeb“k”

This integral can converge only if b,k* < 0. We define B,, = —b,, and the function:
Z(B) = / dK e~ Buk”

This quantity is by construction a Lorentz scalar and furthermore the following relationships hold:

9Z(B)
aB#

«9Z(B)
oB#

= —/de“efB“ku = Nt =—¢
However, since Z(B) is a scalar quantity, it must depend only on B? = B, B*, therefore:

07  OB% 0Z o0z
— —9BH* 72« N* = nut
OBr _ OBH OB? op2 > e

Therefore, we can say B* = fu* and fj, o< exp(o — Bu, k)

Find a and

Let’s collect some results:

n = Nty, = ea/dK (kHuy,) exp(—F k" u,),
e =T"uyuu, = /dK (k"u,,)? exp(—B k" u,)
1 "7 1 v e’ 2 2 v
p= —gAWT’ =-3 dK A, EYEY f, = 5 dK (k* —m*®) exp(—8 k" u,)
In the last step we have exploited:

KPR A = KR (g — wpuy) = k2 — (KFu,)? = k2 — k3 = —|k|?,

where we have assumed to be in LRF where u* = (1,0).
Now let us consider the entropy density:

s:S”uM:—/de”qu(logf—l) = —/de“uﬂf(a—Bk”uu—l) =—an+fBe+n
From thermodynamics we know:

T
un=ec—-Ts+p = MZE——S—I—T
noon

If one compares this expression with Eq. (29), one simply identifies:
1
a= = b= ?

Explicit expression of thermodynamic quantities

Reminder. Second-order modified Bessel functions:

2"l 1 [ 1 o lp 1)1 [ :
K,(z)= s —/ dr (12 = 22)"" 277 = (-1 —/ dT(TQ—zz)"*%Te*T‘

(2n)! zn (2n —2)! 2z»

(32)



Particle density

According to the definition
n= N'u, = ea/dK (kMuy,) exp(—p k" uy,)

Let us calculate this quantity in the LRF, where u* = (1,0). In order to reduce the integral in the same shape
of Eq. (32), let us also perform the change of variable:

z=pBm, 1=k, (33)
7'2 — 22 T
62 s dk = ﬁdT (34)

W=k +m? = k=

Therefore:

n=e /—ko B — e“/dQ/dkae’Bko (35)

Using Eq. (32) for the Bessel functions, the expression for the particle density can be recast as:

m?2 4relz

n =A4r GG?KQ(Z) = T

Pressure

Starting from the expression previously found for the pressure and performing the same change of variables, one
finds:

3
p= 7/Qk2 fr = 76 /dQ/dkk4 —Bk (37)

dre® [ dr (12 — 22 _ Ame® 2 n
= e T = K - 38
3 /Z T/ﬁﬁ\/72—z2 54 B4 2(2) = B (38)
Energy density
According to the same strategy:
d®k dk dk
€= e“/ 10 (k? +m?)e —BE = 4 e (/ 70 J2e PR +/kom26_'8ko) = (39)
dr T (12 — 22)? dr T 72— 22
=4re® /— e_T—i-mZ/— e ) = 40
(/i prm— s N (10)
322 3K K
=4me® {;4[(2(2) + ;Kl(z)} =4me*m? [;2('2) + 12('2)} (41)
Exercise 3: Boltzmann Equation at 1st order in CE
Ref: Kinetic Theory - Lecture 2 (Chapman-Enskog) (Prof. Plumari).
Exercise 3.0
Prove that, at equilibrium, o o
ok forr fop fop = fop fop for forr, (42)
given the definitions in the semiclassical case:
1 .
fOkzma Jk=1—afy (43)



It is trivial using the equilibrium distribution and the conservation of 4-momentum:

1 1 eﬁupu'*aeﬁupm*a — 1 1

B k" —a B, k"M —«
6ﬁ“k“70‘+a66#km70‘+a egupu,a_"_aegupm,a_’_ae L e . (44)

0.1 Exercise 3.1

Derive the first-order term of collision integral C*) in Chapman-Enskog (Ref. Chapman-Enskog slides of Prof.
Plumari).
Let us start with the Boltzmann Equation written in a covariant way:

1 1
Df, = —Fk* =—C 45
fr o Vi fe T [f] (45)
If we define the dimensionless derivatives:

AD=KnD, AV,=KnV, (46)
If we multiply Eq. (45) by the mean free path A we get:

KnDfy = @1@ N i = fC[fk] (47)

Now we expand the distribution function fj around equilibrium fk :

fo= 2 +Kn 1V 4 Kn? f2 4 (48)
Consider now the full expression for the binary collision integral:
Clt) = 5 [ K’ AP AP Wiy (Fofiy Fidic = fufiFody) (49)
In principle one can think to expand this quantity in powers of Kn:
Clfi) =C® +KnC® + Kn?C® + ... (50)

Trivially, the zero-order term corresponds to the collision integral in which the distribution function is at equi-
librium.
Let us now compute the first order. In both addends inside the parenthesis we can include one power of Kn at once:

ct = / A" dP AP Wygoppy (f0 £ FOFO 10— 0 ¢ 0 7O (51)

Collecting everything and using fk =1-—af:

w _ 1 00700 (£ SRR
! / ’
C = i/dK dP dP Wkk’|pp/ fp fp’ fk / ﬁ + ﬁ —a #(0) —a 2(0) =+
fp fp fk‘ Kk’
O N I
© 40 7070 [ fo Sl T
e S Iy ( © T 20 " Y%0 >

O
kk/pf(

We can use the result previously found in Eq. (42):

(1 5 = A(1
o) = _ dK' dP dP'W O o)f(o)f (0) fp . fp ) 151) 15/1) B 151) - 15/1) ) fz(ll) . f;,)
T2 kR pp" e 2O T L0 YO Y70 T 0 L0 Y0 T Y50
oty fk YA i ¥ o for
(53)
Now we simply exploit:
AR a0 VR gD o)
IiO) (0) f;go)f;go) f,ﬁo)f(o)
And finally we find:
(1) (1) (1) (1)
m__1 0) £(0) 70) 70) ( _f& foo I fo
Clfi] 2/ A" AP AP Wpr iy fi Fi " 57 < 070 070 ;070 070 (55)
FOFO T 0 oo



Exercise 4: First order CE equations for primary hydrodynamic vari-
ables

Ref: Kinetic Theory - Lecture 2 (Chapman—Enskog) (Prof. Plumari).

Starting from the definitions:

(71)‘1 n—2q 2 2\q

Inq = W dKfOkkO (m — ko) (56)
= (k") 2 (A ey )T (57)

T (2¢+ )N K 0’
= g1 2 - 1 I / A forc forcko ™ (m* — Kg)" (58)

_ (_1)q g m n—2q( A pv q
 (2¢+ )N <f0k(k Up) 2 >07 (59)
Dij = Jnt1,g In-1,4 — J’rZLq (60)

and the hydrodynamic equations:

Dn+nb + V,nt —ntDu, =0, (61)
De + (e + Py +11)0 — 0, =0, (62)
(e + Py + ) Du® — V*(Py + 1) — 7 Dug + A*, V7" = 0, (63)

prove that, at first order in Kn:

- (€0 + Po)J20 — noJ30 4

Dag = 0 + O(Kn?), (64)
Dayg

. P _

Dy = Eot P00 “noTeog O(Kn?), (65)
Dy

~ 1 ~

Dut = 1P, Kn?).

u 60+P0V o + O(Kn?) (66)

Starting from the definition of the distribution function for (g, 30) = exp(ag — Bok®)
If one differentiates:

Ol Ol

dl,, = d d 67
1= Dag o + 950 Bo (67)
ap and By appear only inside the for. Indeed:
O for 0 1 exp(Bok® — ap) ;
- = = 68
80[() 80[() eXp(BokO — Ol()) +a [exp(ﬁoko — Oé(]) + a]2 fOkak ( )
9 fok 3} 1 o exp(Bok® — ap) 0e 3
9By OBo exp(Bok® — ag) +a [exp(Bok® — ) + a? orJox (69)
Therefore:
Alng = Jngdoy — Jnt1,4dBo. (70)
The fluid dynamic quantities €,n and Py can be expressed in terms of the previously defined integrals. Indeed:
n=1rIo, e=Ip, P=In (71)

We have to invert the set of equations (70) to find dag and dfy. One can take for instance the case corresponding
to the particle and energy density:

dn = J10 dOé() - J20 dﬁo, (72)
de = J20 dOéo - J30 dﬂo (73)



This leads to:

Jiod Joo d
105+20n

dBn = — , 74
& Doy Doy (74)
Jgo dn JQO de
dog = — 75
0 Dag Doy (75)
Now we can just use it along with the hydrodynamic equations:
. 1 ~ ~ A .
Dag = 5 {[(50 + Po)Jag — noJs0) 0 + Jag (He - waﬁ&ag) — Jso (Vﬂn” - n“Duu> } : (76)
20
- 1 N N af A — 7 T
Dpyg = — {[(Eo + PQ)J]_O — nngo] 0+ Jio (H9 — T O'QB) — Jao (V,m’ —nf DUN)} (77)
Dag

Remembering that all the dissipative quantities are already proportional to gradients, one can stop at the first
order in the gradients themselves, finding:

~ 1 ~
Dag = Df {[(80 + Po)Jgo — nngo] 9} R (78)
20
N 1 ~
Dpy = Do {[(60 + Po)J10 — noJ20] 9} ; (79)
20
- V2P,
a _ 80
€+ PO +1I ( )
Exercise 5: Viscous corrections to second order in moments
Ref: Kinetic Theory - Lecture 2 (Israel-Stewart) (Prof. Plumari).
Consider the expansion in momentum moments of the particle current and the energy-momentum tensor:
NP = NE + eJt + T8 e, + T epn + . .. (81)
T — TO;U/ + €J5u + J(/)l,l/)\eA + J(;)w)\pe/\p + ... (82)
where
Igt—n = /dK E L kY fox
ng“'a" = /dK ke, kO fOkak .
The following equations hold:
I(,f = Ilou“ s
IYY = Iygutu” — In1 AM
J(';L = Jlou# y
Jo" = Jaoutu” — Jor AP,
J(‘SWA = Jyoutu u — 3J51uF AP |
JE = Jiourut utuf — 6T uPul AN 4 3T AR AN (83)

Prove:
'fl’u = —ngA‘LWE,, — 2J31A’“’u>‘ey>\ 5

_ 120N
7le —2J42A>\p6 p’

5
Il = Jore + Jyjutey + <J41 + 3J42> ey, ,



Diffusion current

We have decomposed
Nt =nut +n" = n, =A, N (84)

Let us use the expansion above, stopping at quadratic order in the moments:

Ny = Dy NE 4 € Dy T8+ Dy 0P €0+ D I €0y (85)
We exploit the properties of the projector:

AL I = (guw — wpuy) Jigut = Jio(uy —uy) =0 (86)

In general A*Yu,, = 0, and we will use this relation in the following.

For the second term:
A I = Ay (Jaou” uf — Jn A"P) = —Jp Ay AP = — I Al (87)

Finally for the third term:

A i = Ay (Jao ' uu? = 3Jgul” AN)) = =351 Ay (QUVA*P + 2uP A 4 2R APY) (88)

since we are going to multiply this quantity times the symmetric tensor €,, and exploiting the orthogonality of
uH and AHY:

A,ung)\pf)\p = _2J31AHVU)\€V)\ (89)
Shear stress tensor
We know that
= AP = AP + €57 + T3 ey + J57ess) (90)
Remind that:
174 174 v 1 v
Agﬁ = (AgAB + AgAa) — gA” Anp (91)
and the contraction with the rank-2 projector gives:
v « 1 v L v 1 v (e} v v
ARENP = 5 (ALAG+ ABAY) - FA" Aag| A b= Am — AP = (92)

where we have used A®¥Ag., = AS and APA,p5 =3.

This means that the first two terms of Eq. (90) are vanishing since they are proportional to a sum of the
4-velocity u* and of the projector A*¥.

Let us consider now the third term:

1 1 2
§(A5A[’§ + AZAZ) _ gAWAaﬂ ?T( WEAPY YA 4 uﬁA'yo‘) — AR JAR — 93)
Let us look now at the fourth term:
AREACPAT) = ARY — ( BAPAY + BAMT AP + 8AM AT = SAHM (94)
And eventually:
T = 2J1 AF e 5 (95)



Bulk viscous pressure

We know that II is difference between the spatial trace of the energy momentum tensor and its value at equilibrium
Py, which means:

]‘ (6% ]‘ « « (0% 5
II = 7§Aa5(Taﬁ — TO ﬁ) = 7§Aaﬁ(€<]0 A + JO ﬁ’yé»y —+ JO ﬁ’y&e’ﬂ;) = €J21 + J31u7€7 + <J41 + 3J42) U’Y’udﬂyé. (96)

Step by step, using the orthogonality of u, and A*":

Aapdy” = Nap(J2ouu” — Jpr AP = —3.J5 (97)
[ ]
1
AapdSP" = Mg [JSOuauﬂm - 3J31§(2u“A57 + 2uP AT - QUVAQQ):| = —3J3u" (98)
[ ]
AapJSP = Anp {quauﬂumé — 6Juuf A 4 3J42A(“ﬁA75)} = (99)
1
= —6J41Aa5E(lluo‘uﬂA'y‘S + 4w AP 4 4y Y AP+ AP ul A + duPuY A + 4u“u5A/37) =
' (100)
= —J41Aagu7u§Aa5 = —3Ju"u’. (101)
* 1
Aop 3J425(8A0‘5A75 + 8AY AP L 8AYAPY) = Jin(3AY 4 AT £ AY0) = 5A7° (102)
1
This quantity has to be multiplied by fge.y(;:
7§A76€75 = fg(gw —uud)e,s = gu”’u‘sews, (103)

exploiting the fact that eys is traceless.
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