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consider perfectfluid characterised by the energy momentum
tensor of the type

TmunulefteprightumuunurhogmunuTEMmunu I

with a rest mass current

JmurhoUmu 2

where

u the fluid four velocity and is a wit time like

vector i.e ucdotu1

eeleft1varepsilonright energy density of fluid part
in specific internal energy

e rest mass density

TEMmunuFmulambdaFlambdanufrac14leftFalphabetaFalphabetarightgmunu
energy momentum associated with

theelectromagneticfields
l MO Foredoy tensor
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We next have to obtain a formulation of the equations
of general relativistic hydrodynamics GRAD and

general relativistic magnetohydrodynamics GR MHD

expressing conservation of rest mass energy
and

momentum

nablamuJmu0UbetanablaalphaTalphabeta0hmubetanablaalphaTalphabeta0nablamuFmunuJnunablamungtrFmunu0

3

Max wellequations

FmunuvarepsilonalphabetamunuFalphabetasqrtgetaalphabetamunuFalphabeta

in a formulation that is suitable for a numerical

integration This is because while all formulation are

equivalent in a continuum limit they are not when

employed in a discretised representation
The set of GRMHD equations 3 together with
our equation of state ppleftevarepsilonright describe the
evolution of a fluid plasma in terms of
nine variables eripinBi hereafter Bi0
GRAD
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Hyperbolic

PDEsFroma mathematical point of view the

equations of relativistic hydrodynamics or

may neto hydrodynamics are nonlinear hyperbolic

equations You will find a detailed discussion

in the extra material of this lecture but

before discussing nonlinearity let's start simple
with linear hyperbolicPDEsInthese cases the characteristic directions

that is the directions in specetime where

perturbations propegate are straight lines
that do not intersect and actually allow
for a characteristic representation of the

PDE.Forexample advection equation in 11D

VinmathbbR sqrt constD partialtuvpartialxu0

11 fracdudt0partialtulambdapartialxu0
2
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for lambdafracdxdtvconst characteristic direction

along which his

conservedthe
solution is

simply translated in

spacetime

t

neg
neg

lambda profline

lambda

neg

x

This picture changes significantly in the case of

a nonlinear problem such as the inviscial

Burger equation

3 partialtuupartialxu0
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In this case

fracdudt02tulambdapartialxu0
but lambdafracdxdtuleftxtrightneqconst

the characteristic
otirection is how

a function of position
in

spacetime.thecharacteristic direction is now a function
of position in

spacetime.The
fact that characteristics change leads to

a distortion of the data u as it moves

in
spacetime when characteristics meet a

caustic develops in speci
time ie a

discontinuityAsa result even smooth initial data may
lead to a

discontinuity.CG



the solution is distorted
when propegeting in

spacetime

t

neg
neg

lambdalambdaT7 neghatneg

x

stated differently shocks ie mathematical

discontinuities are natural consequences of
nonlinear hyperbolic

PDEs.Thisstatement has three important
consequences
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1 we need numerical methods that can

handle discontinuous data

2 Not all methools seen so far are able
to handle discontinuous date

3 there are two important theoreurs that

provide a clear picture of what to do

and what not f do see lecture 9

Theorem 1 Non conservative schemes o c

not converge
to the correct solution if

a discontinuity is present in the data

Hon Le Floc 1992

Theorem 2 Conservative numerical

methods if convergent do converge to the
weak integral solution of the problem
even if the data is discontinuous

Lex Wendroff 1960



Both of these theorems stress the importance
of a conservative formulation of the hyperbolic
PDE

I recall that a hyperbolic equation for
a variable vector of variables U lefturight
is in conservative form if written as

partialtunablaElefturights 4

U state vector F flux vector with EEleftunderlineuright

source vector with SS coprod but not of its
derivatives

11

problemIfuu and we are considering only one

special dimension then 4

partialtupartialxFlefturightS0 5

where we have set to zero the source function
it doesn't play a role in determining the
mathematical character of the equation
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Let's consider the conservative formulation for
the simplest nonlinear hyperbolicequation we have

encountered ie

partialtuupartialxu0 3

In this case the conservative formulation of
13 is

very easy
to obtain and is

given by

partialtupartialxleftfrac12u2right0 G

where FlefturightFlefturightfrac12u2 Clearly left3right and 6

are mathematically identical Yet their discretised
solutions can be radically different
It is instructive to appreciate the implications
of the two theorems above to solve both
3 and 6 with a simple first order method

eg upwind when starting already from
discontinuous initial data eg a step

function.C
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incorrectnumerical
solutionnumerical and

enalyfi
solutioncoincideunwindcharact

t correctanalytic

solutioncorrect

charectoverrightarrowTlambda profline

xneg neg

xpartialtupartialxleftu22right0partialtuupartialxu0

It's therefore essential to write nonlinear

hyperbolic equations in a conservative form

We have also commented how the hydrodynamical

equations are perfect examples of nonlinear

hyperbolic equations leading to discontinuities

ie shocks

C I



Similarly the equations of CRHD or CTRMHD are

normally written in the so called Velence conservative

formulation in recognition to the ideas suggested by
the Valencia group led by J M Ibanez in the 90 s

In such on 31 formulation they are given by

partialtleftsqrtgammaurightpartialileftsqrtgammaEilefturightrightSlefturight

where

uleftbeginmatrixDSjEendmatrixrightleftbeginmatrixeWehW2vjehW2pendmatrixrightEileftbeginmatrixalphaviDbetaiDalphasijbetaisjalphasibetaiEendmatrixright

c12



Sleftbeginmatrix0frac12alphasinsjgammaiksinjbetaiEsjalphaalphasijkijsisjalphaendmatrixright

where

ds2leftalpha2betaibetairightdt22betaidxidtgammaijdxidxj
SmunuhmualphahnubetaTalphabetadeltamugammamualphanbetaTalphabeta

Kmunugammamualphaoverlinenablaalphannu
nmualphanablamu Wleft1vivirightnicefrac12

The variables in the state vector are called for obvious

reasons the conserved variables and are related to

the physical primitive variables via their non inver

tible definition

alphaUtW

DrhoalphaUtrhoWSiehutujehomega2vjalphaEeutinalphaeWin
ujalphautviWvi

13



Note that the new evolution system 7 e

does not evolve the primitive variables

leftrhouinright but the conserved variables

leftDSEright This is a common feature
the system of equation ectually solved for
is not of the same physical quantities for
which the physics microphysics is based

Rather they are simply new variables with
no specif physical meaning at least in

general and that serve the scope of

yielding a system of equations in conserve

tire form
This requires a continuous

mappingC2P
phi

primitive
quantitiesconservedquantities phi1

P2CCid



The mappings
oint and phi1 are not necessarily

analytic and this requires
the solution of

a nonlinear algebraic equation
root finding

This indeed the case in relativistic hydrodyna
mics and magnetohydrodynamics where entire

papers are written just about these mappings

c15
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Hereafter we will consider the simplest hyperbolic
PDE in 11 dimensions linear advection equation

sqrt const 4fracpartialupartialtvfracpartialupartialx0
Because 4 is linear it has a simple analytic
solution

uleftxtrightfleftxvtright

In other words the solution is simply advected
in space and

timeleft
lambdat

movingright moving
sqrt 0

sqrt0

overrightharpoonx
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Let's discretise the differential operators Dt 2x

starting with a scheme that 0leftDeltatDeltaxright
Let's Taylorexpand around the specetime
point leftxjtnright

uleftxjtnDeltatrightuleftxjtnrightfracpartialupartialtleftxjtnrightDeltatOleftDeltat2right
leftarrow

ujn1 ujnfracpartialunpartialtjDeltatOleftDeltat2right
We can isolate the differential operator

beginmatrixpartialuxendmatrix beginmatrixnjendmatrixUjn1UjnOleftDeltatrightDeltat 5

1st order operator
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In general given a differential operator

LlefturightfracpartialmupartialxmxjnfracpartialmunpartialxmLhleftuinrightOleftDeltaxpright1 lj

p th order discretization of Lleftaright

In exactly the same manner but taylor
expanding in space

we can write that

fracpartialupartialxjnfracujnuj1nDeltaxOleftDeltaxright C

Expression 6 is not the only 1st order

representation of the spatial partial
derivative on the LHS

We could equally write

z0






































































































































beginmatrixpartialunpartialxjendmatrixUj1nUjnOleftDeltaxright 7

6 and 7 are mathematically equivalent
and the consequence of the fact that
1st order stencils are not centered

around xj

sqrt0

n1

nN

1j i j

it'C2






































































































































v0

ntlnN

1it 1Jj
IIn

other words we can break the ambiguity

by simply selecting
the stencil that is

upwind of the desired solution at xjn

stated differently the advection eg 4 admits

two different discretisations depending on

the sign of the advection velocity v

C22






































































































































fracujn1ujnDeltatvleftfracuinuj1nDeltaxrightOleftDeltatDeltaxright if r0

fracujn1ujnDeltatvleftfracui1nujnDeltaxrightOleftDeltatDeltaxright if

roWe

can remite the too expressions above explicitly
as the upwind scheme

ujn1ujnfracvDeltatDeltaxleftuinuj1nrightOleftDeltat2DeltatDeltaxrightr0
8

ujn1ujnfracvDeltatDeltaxleftuj1nujnrightOleftDeltat2DeltatDeltaxrightr0

Normally it is not difficult t determine
which of the two stencils need to be implemento
even if the equations are more complex All I

is needed is to recognize what plays the role

of sqrt and compute the sign of vleftxtright
223






































































































































Second order in space schemes 0Deltat Deltax2

Upwind is a first order scheme We can

obtain a higher order scheme by simply

improving the truncation error of the

discretised spatial differential operator
In other words we could tay forexpand at

second order

uleftxjDeltaxtnrightuleftxjtnrightfracpartialupartialxleftxjtnrightDeltaxfrac12fracpartial2upartialx2Deltax2uj1n OleftDeltax3right

uleftxjDeltaxtnrightuleftxjtnrightfracpartialupartialxleftxjtnrightDeltaxfrac12fracpartial2upartialx2Deltax2ui1n OleftDeltax3right
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We can subtract these two expressions
to obtain

fracpartialupartialxjnfracuj1nuj1n2DeltaxOleftDeltax2right
2nd order discretised

operator.ntlforward
in

timenjetj
ejcentred

in

spaceFTCS
25






































































































































In this way eqleft4right becomes

fracujn1ujnDeltatvfracUj1nuj1n2DeltaxOleftDeltax2Deltatright
from which we obtain

ujn1ujnfracalpha2leftuj1nuj1nrightOleftDeltat2DeltatDeltax2right

Before taking this as a useful method I

need to check that is stable

Applying the ausatz a to I2 we obtain

xi1ialphasinleftkDeltaxright
so that leftxiright21leftalphasinleftkDeltaxrightright21

12

i

In other words FTCS is an unconditionally unstable

representation of the differential operator
026






































































































































Imagine that we are actually solving the

advection equation using the FTCS method

then our solution would look
like:these

fluctuations
are on scales 0 Ax
anddivergewithtime.au

backslash

The norm eg L2 norm would look like

this:loglull

exponential
growth

initial

Valueexpectation for stable
scheme

overrightarrowt

Luckily there is a
way to fix this

027






































































































































Let's see if we can fix ETCS and thus have
a stable second order

schementlIdeally
we want

to remove the solution
at the point xjn i.e

ujn
n

j1 j1j

ujnfrac12leftuj1nuj1nright spatial

averageandI can then rewrite FTCS as

average

ujn1frac12leftuj1nuj1nrightfracalpha2leftuj1nuj1nrightOleftDeltat2DeltatDeltax2right B

This is the tax Friedrichs LF scheme

The amplification factor is

leftxiright21sin2leftkDeltaxrightleft1alpha2rightleq1
C28






































































































































In other words the LF scheme is conditionally

stable for leftalpharightleq1 i e it is CFL stable

In order to understand why this is possible
we need to realize that C13 is not the

discretised representation of the advection equation
4 but of a dissipative advection equation

Proof

Let us write 13 in a slightly differentform:exerage

fracujn1ujnDeltatvfracleftui1nuj1nright2Deltaxfrac12leftfracuj1n2ujnui1nDeltatright
13

The claim is now that eg
13 and thus 13

is actually the representation of the advection

diffusion equation
partialxuvpartialxuLlefturight o

Llefturightfrac12leftfracDeltax2Deltatrightpartialx2uwhere

29






































































































































To prove
this we can go back to expressions

and add rather than subtract them

uj1nujnfracpartialupartialxleftxitnrightDeltaxfrac12fracpartial2upartialx2Deltax2OleftDeltax3right

uj1nujnfracpartialupartialxleftxitnrightDeltaxfrac12fracpartial2upartialx2Deltax2OleftDeltax3right
In this way we would obtain that

A

uj1nuj1n2ujnpartial2timesUjnDeltax2OleftDeltax3right
so that

fracpartial2upartialx2jnuj1n2ujnuj1nOleftDeltax2right
Expression

i is the second order discretisation

of the second order partial derivative
30






































































































































This
proves the statement that 13 is the

finite difference representation of the advection

diffusionequation

14 partialtuvpartialxuDpartialx2u
part responsible
for the dissipative
nature of the
advection equation

Dfrac12fracDeltax2Deltat

Q Is this really allowed Why

We have seen that the advection equation
is remitten as the equation c

Cpartialtuvpartialxufrac12leftfracDeltax2Deltatrightpartialx2u11l

1rightarrowOleftDeltax3rightoleftDeltaxright

3






































































































































The coefficient in front of the second
derivate is simply

fracDeltax2DeltatOleftDeltaxright
since DeltatOleftDeltaxright by the CFL condition and the

second partial derivative is OleftDeltax2right

As a result the whole RHS of C
backslash

is

frac12leftfracDeltax2Deltatrightpartialx2uOleftDeltaxcdotDeltax2rightOleftDeltax3right

The LHS instead is OleftDeltaxright because

partialtupartialtulefthrightOleftDeltaxright
discretised version
of operator

c32






































































































































partialxUpartialxUlefthrightOleftDeltax2right

so that when concentrating on the

order of the truncation error we

havef

h

partialxUOleftDeltaxrightsqrtpartialxUlefthrightOleftDeltax2rightOleftDeltax3right
OleftDeltaxright

This means that the RHS of C goes to zero

more rapidly than the error in the

LHSInthe limit of Deltaxrightarrow0 equation does

converge to the continuum advection

equationIn

other words mathematically speaking C is

an acceptable and convergent approximation
to the original advection equation

4
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There is also another way of reading on

the validity of the LF scheme and it is

contained in the amplification factor
which we recall is

leftxiright21sin2leftkDeltaxrightleft1alpha2right
For alphaneq1LeftrightarrowleftvrightDeltatneqDeltax then leftxiright21
in other words the solution will be

dissipated leak of energy

Note that this dissipation is proportional to

sin2leftkDeltaxright and hence it will affect differently
the various wavelengths involved in the

solution.In

particular
the dissipation will be very

small if

34






































































































































kDeltaxll1

where k is

lambdafracuu typical
lengthscale

scale height of the

problem at hand

kfrac2pilambdaequivfrac2piuu

As a result the product k Deltax2pifracDeltaxlambdall1 if

lambdaggbigtriangleupx

In other words the dissipation is small on scales

that are much larger than Ix ie large scale

features

By contrast the dissipation will be large for
small scale features ie

forKNAX lambdasimDeltax

This is an effective scale dependent dissipation
235






































































































































These fine features of the solutions

will be dissipated and this is

where the FTCS instability would
manifest

u

X

37
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Solution of partial differential equations PDEs

Let's consider a generic PDE of second order in two

dimensions leftxyright it can be written generically as

a11fracpartial2upartialx22a12fracpartial2upartialxpartialya22fracpartial2upartialy2fleftxyupartialuright0 C

Aij coefficients of the
PDEWe

will hereffer consider PDES of second order

because in general this is the highest order at

which PDEs appear in physics Even the most

complex ones eg
the Einstein equations are

second order

PDEs.Ifthe order is higher it is still possible
to recast the problem into a set of PDEs

of lowest order eg first

order.Cho



In this case
eg 1 is said to be a linear PDE

with variable coefficients

1 is said to be linear with constant

coefficients if
aijconst

I is said to be quasi linear if

aijaijleftxyuright

i is said t be nonlinear if

aijaijleftxyusus2uright

Note that this nomenclature is followed mostly
in a mathematical context often in physics

also quasi linear equations are referred to as

non linear

CH1



The character of PDEs I can be classified

by looking at its coefficients and in

particular at the determinant of the

matrix ofcoefficients.roots
are real

anddistinctHyperbolic:rootsof

determinantParabolic
roots are real
but zero

Deltaa11a22lefta12right20

Elliptic routs are

complexElliptic
equations describe Boundary Value

Problems BVP since the space of solutions

I depends on the values of solution
at

its boundaries dB boundary conditions

In physics if one of the coordinates is time

then elliptic equations
are easily recognisable

42



by the fact that they do not depend

on time The prototypical elliptic equation
is the Poisson

equation:determine
gravitational

potential once

distribution ofdensity
e is given

nabla2phileftxyrightrholeftxyright

partial2xpartial2y

Hyperbolic and parabolic equations office

instead Initial Value Boundary problems

IV BP or Can chyproblem because the

solution uleftxtright depends on the initial value of

the solution and in principle on the bomolory

values.In

physics i e in PDEs obscribingphysical laws

it is easy to recognize
an IVBP because it will

show a dependence on time

643



A prototypical hyperbolic equation
is

the wave

equationgiven
phileftx0right determines

how Phi propagates with

speed v

mdlgwhtsquarephileftxtright0

where in 11 dimensions

mdlgwhtsquarepartialt2v2partial2xfracpartial2partialt2v2fracpartial2partialx2

Similarly a prototypical parabolic

equation is given by
the diffusion equation

also known as heat equation
given uleftx0right
determines how
u diffuses
with time

partialtuleftxtrightpartialxleftDpartialxuright
D const

DD2timesU

044



We can also represent
the differences between

BI 11 s and I VBPs graphically in terms of
the space of dependence of the solutions

Y
space of dependence of
the solutiondOmega

x

Boundary value

problem 2D
Omega

boundary

valuespace
of dependence of

the solution
t

x

Boundary initial value

problem 2D This is

often simply referred
to as an IVP or

Courcly problem

Omega

drboundary
value

t0

initial
value

C45


