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Finite Volume

MethodsLet'snow proceed with the numerical solution of

8partialtupartialxElefturight0

adopting an integral approach over a so called

control volume

In essence we discretise space and time and

generate small space time volumes

cell inferface
all

TXiit
n1

n

control volume

Vin12Iitimeslefttntn1right
V

i1ii1

Note the cell interfaces are at Xipm12 so that the

control volume is centred around xi This is not

necessary for the time since we do not have flixes
3



Let's first integrate 8 over spec
total derivative because of integral in space

fracddtint_xiy2xi12uleftxtrightdxint_xiy2xi12partialxleftutrightdx

Eleftuleftxi12trightrightEleftuleftxi12trightright
II

and next over time

int_tntn1fracddtint_xiy2xi12fraculeftxtrightdxdtint_xi12xi12leftxtn1rightdxint_xi12xi12leftxtnrightdxint_tntn1leftUleftxi12trightrightEleftUleftxi12trightrightdtint_tntn1Eleftuleftxi12trightrightdtint_tntn1Eleftuleftxi12trightrightdt

left12right
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We can now introduce spatial averages

13

uinfrac1Deltaxint_xinicefrac12xinicefrac12uleftxtnrightdx
E it frac1Deltatint_tntnEleftuleftxipmnicefrac12trightrightdt a

Note that in general these are volume averages
hence the name finite volume

methods.Usingthese averages Eq 11 can be written as

uin1uinfracDeltatDeltaxleftEi12Finicefrac12right 15

red because

discretisedbluebecause exact
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Notes

1 Although I've used red box around 15 it is not

Yet a numerical scheme Indeed 15 is an

exact expression
since no approximations were

made Hence it also has a blue box

2 Equation 15 becomes a numerical method

when one introduce an approximation and

a numerical prescription for how to compute
the fluxes Ei

3 When a prescription for the evaluation of
15 is made 15 is called a Godunov scheme

from the Russian mathematician first suggesting
it

4 Expression 15 makes the conservative nature

of the equation transparent U can change in

only because of ingoing outgoing fluxes
What is lost from V goes

somewhere else but it's

not lost
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n2

xi12xinicefrac12
n1

Fi12lceil
lceil

Fi12 n

i1 i i1
5 Different numerical algorithms can be devised

to provide an ever more accurate description

of the fluxes Eipm12 at the cell interfaces Xipm12

6 The simplestof such algorithms is when E acts
on coprod as an average ie FtimesU In this case

the method I5 is clearly 1st order as

can be appreciated by considering the

simplest case of our advection equation
In this case Eleftunderlineurightlambdau and Eq 15

can be written as clambdaDeltatDeltax

uin1uincleftuinui1nright if lambda0
16

uin1uincleftui1nuinright if lambda0
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Expressions 16 are clearly the upwind
method that we have seen to be 0leftDeltatright
and OleftDeltaxright ie a first order method

7 the volume averages of u in left13right imply that

our quantities uleftxtright are described as a

piece wise
constant sequence of constant states

u

uleftxoverlinetright

i12i12

The geniality of Godunov's approach is in

recognising
that this piecewise constant repre

sentation of fracu is equivalent to the construction

of a sequence of local Riemann problems
DE



this is a local
Riemann

problem

itit1

312Hence
the solution of the Riemann problem

can provide an exact solution for uleftxipmnicefrac1ntright

that is the state vector at the all

interface from which our can compute

Eleftuleftxipmy2trightright exactly

l q



What is a Riemann problem

A Riemann problem is the determination of
the flow pattern that develops in the presence
of constant and discontinuous initial

date.Thisis a
very old problem that Riemann

formulated but did not solve also because
there is no analytic

solution.From
a mathematical point of view it

consists in founding the solution of the
state vector of the hydrodynamic equations
uleftxtright when the initial conditions are

UL const x0

17uleftx0right
UR const x0
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As mentioned no solution was found but

the conclusion was that the flow will in

general composed of two nonlinear waves woverleftarrowrightarrow

that are either shock waves or here fection
waves propegeting in opposite directions

and

separated by
another nonlinear wave a contact

discontinuity between two constant

states.Mothenotice

by:rightleftat t0LR

contact discontinuity

LWleftarrowLvarphiRWrightarrowR
intermediate state L

at t0

left nerve

left18right

Diagrammatically
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contact

discontinuityright
wavet e Wrightarrowleft wave wleftarrow

RL

right stateRL
left state

x

This is also called the Riemann four
and is composed of four possible

classes

of solutions

1 LLleftarrowLlRLrightarrowR two

shocks2LQleftarrowL I 12 LrightarrowR one shock our

rarefaction19
3 LLleftarrowL L R R rightarrowmathbbR one shock our

rarefaction4LQ5L E R QrightarrowR two

rarefactionsAlthoughthe Riemann problem cannot be solved

analytically it can be solved exactly via

the solution of a set of ODES
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In turn this provides our exact value of

uipmnicefrac12uleftxipmnicefrac12tright from which the fluxes

Eleftuipm12tright in Eq 15 can be computed

so at least in principle the RHS of Eq 151

frac1Deltatint_tntn1Eleftleftxipm12trightrightdtEipmnicefrac12
can be computed exactly leading to an

exact solution of the system of conservation

hours in a conservative form given by Eq 8

In practice because this has to be down

at each cell interface exect Riemann

solvers are never used apart from tests

and the solution is made via approxi
mate Riemann solvers of which there are

manydifferentoptions each with pros and cons
13



HLLE Approximate Riemann

SolverAllapproximate
Riemann solvers make some

assumptions on the properties of the Riemann fan
and so does HLLE

In particular HILE assumes that only two

waves are produced propegating in opposite
directions with speeds lambda2leq0 lambdaRgeq0 and generating
a single and constant state between them

uL if xtlambdaL

Uleftxtright u
HLIE

if lambdaLxtlambdaR 20

uR if xtlambdaR

Riemann solutionLWleftarrowLvarphiRWrightarrowR

HLLE solutionbotWleftarrow UHLLE WrightarrowR
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the control volume is given by

VleftTTrighttimesleft0Tright

wherewant the were not
to move out of the allGamma Max leftleftlambdaLleftrightlambdaRrightrightT

and T is a representative time interal
eg

Ttn1tn

at

T

GALLE lambdaR
nicefracTT

lambdaL

UL UR

xT T0lambdaRTlambdaLT

D15



the integral form of the conservative equation 15

uin1uinfracDeltatDeltaxleftEi12Ei12right
where

Uinfrac1Deltaxint_xinicefrac12xi12uleftxtnrightdxEipmnicefrac12frac1Deltatint_tntn1Eleftuleftxipmnicefrac12trightrightdt
is

xiy2int_TTUleftxTrightdxint_TTUleftx0rightdxint_0TFleftUleftTtrightrightdt

at theedges the state
is not effected yet
TlambdaLRT int_0TEleftUleftrtrightrightdtleftz1right

int_T0underlineuLdxint_0TuRdxint_0TFleftUleftTtrightrightdtint_0TEleftUleftTtrightrightdtUL uR

TUR

TULTleftuLuRrightTleftEleftunderlineuLrightEleftuRrightrightTleftULURrightTleftELERright

22
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The LHS of 21 can also be split

int_TTUleftxTrightdxint_TTlambdaLULdxint_TlambdaLTlambdaRUleftxrightdxint_TlambdaRTfracuRdx

HCLE
u

ULleftTlambdaLTrightunderlineU
1ILLE

1leftlambdaRlambdaLrightURleftTTlambdaRright
22

TleftULURrightTleftELERright
collecting terms

underlineu
HILE

TleftULURrightTleftELERrightULleftTlambdaLTright
URleftTTlambdaRrightleftTleftlambdaRlambdaLrightright

lambdaRURlambdaLunderlineULELERlambdaRlambdaLunderlineU
HLLE

23
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In other words the intermediate state u
HE

can be easily computed in terms of the signal
speeds

lambdaL and lambdaR and the states uL UR

from which one also computes EL ER

Referring to the spacetime diagram
we have just computed the green state

at the center of the cell

at

T

GALLE lambdaR
nicefracTT

lambdaL
UL UR

xT TlambdaRTlambdaLT

note that this
point is atna

xi12u2
UR

UHLLE

1

xinicefrac12 xi12
DIG



Now that we have the HLLE state we can
go

back to the Godunov algorithm 15 but

we still need the fluxes across the constant state
E

which we can compute by imposing the
conservation of energy and momentum across

the nonlinear waves Wrightarrow Wleftarrow

these conditions can be defined rather
generically and are called the

Rankine Hugo riot conditions After some

algebra it is possible to show that

ELngtrELlambdaLleftUHLLEULright

ERngtrERlambdaRleftUHLLEURright
ser latex notes

24

Using 23 in 24 we obtain

19



FLngtrELlambdaLleftbeginmatrixlambdaRURlambdaLunderlineULELERlambdaRlambdaLendmatrixright

ELleftlambdaRlambdaLrightlambdaLleftlambdaRURlambdaLunderlineULELERlambdaRULlambdaLULright
lambdaRlambdaL

fraclambdaRELlambdaLERlambdaLlambdaRleftURULrightlambdaRlambdaL

FRngtrERlambdaRbeginmatrixlambdaRURlambdaLunderlineULELlambdaRlambdaLendmatrix ERunderlineUR

EnleftlambdaRlambdaLrightlambdaRleftlambdaRunderlineURlambdaLunderlineULELERlambdaRURlambdaLunderlineURright
lambdaRlambdaL

fraclambdaRELlambdaLERlambdaLlambdaRleftURULrightlambdaRlambdaL
that is

ELERE

20



the fluxes to be used in the Godunov scheme

for the HLLE approximate Riemann solver are

therefore:HILE

EbegincasesELEERendcases
if xtlambdaL

if beginmatrixlambdaLxtlambdaRxtlambdaRendmatrix
What we still need are the speeds

lambdabot lambdaR which

are the smallest and the largest of the
characteristics ie

lambdaLminleft0lambdaleftULrightlambdaleftUnrightrightlambdaRmaxleft0lambdaleftULrightlambdaleftURrightright

where lambdalambda are the minimum and maximum

eigenvalues of the states UL uR In the case

of the equations of classical hydrodynamics
lambdapmvpmcs
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HRS C High Resolution Shock Capturing

Schemes.We

have seen that a Gook now scheme which

approximates the solution to a series of

piecewise constant states is only first order

accurate and this is clearly something not

optimal The low order
accuracy is essentially

the result of the averaging over the cell which

clearly removes
any information on the

properties of the solution within the cell

underlineUleftxtright

underlineui1n

inicefrac12 i32i12
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Clearly the way to improve this and to

obtain high order schemes is to restore in

some way
the information on the behaviour

of the function on the basis of the knowledge
of the function in neighbouring cells

This process is called reconstruction and

essentially amounts to find interpolating
functions of various order from which to

obtain our improved value of ui1

underlineUleftxtright

piecewise
constant

estimareconstructed
estimate

i12 i32i12
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There are
many of

these reconstruction

schemes and a popular one is the piecewise

perebolic method PPM which provides
third order

accuracy
in smooth parts of the

solution if solution is discontinuous the

reconstruction will be first order

Godunov is also behind another important
theorem

namely:Theorem

A linear i.e with constant coefficients and

monotonicity preserving scheme is at most

first order accurate

This theorem essentially states that high order

linear schemes and the absence of oscillations
are incompatible requirements

24



In other words high order accuracy also

normally comes with oscillations in the

solution

As a result oscillation will
appear when

approximating a discontinuity with a

high order method

ua
oscillations

X

To counter this methods are devised

that are Total Variation Diminishing
or TVD methods

25



Mathematically if the total venation is

TVleftUnrightsum_iinftyinftyleftUinUi1nright
Then TVD methods are such that the

variation does not grow in time ie

TVleftunderlineun1rightleqTVleftUnright

_Toachieve this rather sophisticated
approacher are

necessary TVD methods

are at most second order and higher order
methods are ENO Essentially Non

Oscillatory

26



In
summary HRS C methods are such that

at least second order in smooth parts

sharp resolution of discontinuities

absence of spurious oscillations

converge to true solution
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