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Lecture Ib ADM formulation
the ADM Arnowitt Deser Misher 1962 was derived
to obtain an Hamiltonian formulation of the Einstein

equations which have been firstemployed in numerical

relativity Much of my notation follows from the
formulation of York 1979

So for we have been dealing with tensor algebra
in a 31 context We need next to 8 to differential

geometry let nablamu be the covariant derivative

in the 4D manifold the spatial coverient
derivative or 3D covariant derivative will be

Dnugammamugammanablamuleftdeltamununmunnurightnablamu C

Just like the 4D covariant derivative is compatible
with the ID metric it

nablamugmunu0 2

nablamugmunu0 take nablamuununablamuleftgnualphaualpharightleftnablamugnualpharightu
Tmualpha

gnualphanablamuualphaleftnablamugnualpharightualphagnualphaTmualphaleftnablamugnualpharightu2TmunuleftnablamugnualpharightualphanablamuunuRightarrownablamugnualpha0 BI



So is the 3D covariant derivative compatible with
the 3D metric ie

Dm8 0 3

In practice the 3D spatial covariant derivative

of a tensor of rounk k is the K projection of

the corre spending ID covariant derivative Eg

Dat β 8 _88 887T e Ca

What is important is that the spatial covariant
derivative is built with 3D Christoffelsymbols
I recall that the Christoffel symbols are first order
derivatives of the metric

Tpo I 9th Apgar 289Mβ 2 apr 5

So that the corresponding 3D spatial Christoffel

symbols are

Tpo I 8th Apron 288M β 2mm 6
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As for the 4D come temperts also the 3D ones follow
the same properties they are symmetric on the lower

indices and are not real tensors because they don't

transform like tensors

If we want to obtain a 31 formulation of the
Einstein equations we have to follow the same

mathematical route we have followed in 4Dspectimes

7gmunurightarrowTmunualpharightarrowRbetamunualpharightarrowRmunurightarrowG yr
Ricci EinsteinRiemann

3

gammamunurightarrowleft3rightGammamunualphaGammamunualpharightarrowleft3rightRbetamunualpharightarrow131Rmunu GMO 8

Note

left3rightGmununeqgammaalphamugammabetanuGalphabeta
since we need to proper

okfine and employ differential
operators acting on 3D objects on sum_t

So let's start with the definition of the Riemann tensor

RmunualphabetapartialalphaGammanubetamupartialbetaGammanualphamuGammalambdaalphamuGammanubetalambdaGammalambdabetamuGammanualphalambda 9

fleftpartial2gleftpartialyright2rightRM Udp L2
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The corresponding spatial 3D curvature tensor will be

C3 3 3 c3 left3right13

Rmunualphabetapartialalphaleft3rightGammanubetamupartialbetaGammanualphamuGammalambdaalphamuGammanubetalambdaGammalambdabetamuGammanualphalambda
where now left3rightRmu v xp is purely spatial ie

RmunualphabetaNmunuNalpharho0

cos

II

NalphabetaNalphamugammamubeta
3

Rmualphamubeta
13

Ralphabeta 3D special Ricci tensor 12

similarly

3
Ralphaalpha 3

R 3D special Ricci scaler 13

Note that when projecting the full 4D Rieman tensor
over Sigmat and obtaining left3rightRMnualphabeta we clearly lose some

information namely the information about how the

hypersurface Sigmat is curved relative to

theembeddingID

spacetime.Inother words 3

Rmunualphabeta tells us about the

intrinsic curvature on Sigmat but does not inform us

on the extrinsic curvature of sum_t and we need

to learn how to measure this curvature left3rightkk
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It is geometrically very intuitive that the extrinsic

curvature of a surface can be measured bycomparing
the normal vectors in two differentpositions

I.fi i
1

antiities thesetwoports are

clearly different convex and concave

Ip

Let Ip be the normal vector at P and I'p the
same vectorparalleltransported at Q

We can compare Ip and Q and of course we are

interested in the projection outo Ee of this difference
Let 81 be the difference between Ip and a

then the extrinsic curvature will be

K I 81 Kiev 8 Tuna 14
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As already anticipated the extrinsic curvature
can change sign depending on whether the

difference between the two normal vectors is

positive concave curvature or negative convex

curvature

deltaunderlinen0
uparrow

underlinedeltau0xx

P Q
mathbbQP

As we will discuss later on this is not the only
possible definition of the extrinsic curvature
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Intrinsic versus Extrinsic

CurvatureAsa useful way to grasp the differences between
the intrinsic and extrinsic curvatures let's use a

simpler set up and replace M 4D manifoldwithanEuclidean 3D spatial space no time

In this case sum_t is replaced by a 2D surface
and we can consider different cases

1 2D plane in an Euclidean flat 3D space
Consider a Cartesian coordinate system leftxyzright
and let sum_Z be a Z constrain t slice

Z
overrightarrownQoverrightarrownp

P Q x ySigmaz

The spatial metic gammaij on SigmaZ is diagonal and
with

components37



gammaijdiegleft111rightleftbeginmatrix100010001endmatrixright

ds2gammaijdxidxi dx2dy2dz2

Obviously the Riemann tensor is zero in any
coordinate system and so is the intrinsic curvature
the normal three vector

overrightarrown will have components

nileft001right i nileft001right overrightarrowncdotoverrightarrown1
unit

vectorTheextrinsic curvature will be

kijgammajknablaink i12

gammaj3nablain3 partialxn30partialyn3

0
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In other words the intrinsic and extrinsic

curvature of Sigmaz are zero No surprise here

Let's consider a more interesting 2 surface

2 2D cylinder in mathbbR3

Let's adopt a cylinotical coordinate system leftrhophizright
with rhooverlinerhocoust

Z
l

overrightarrowtz
x y

overrightarrowephi
Sigmarho

The intrinsic curvature on Sigmae is trivially also

zero since we can cut Sigmae and it would lay
on the plane without

wrinkles.Theextrinsic curvature is mom subtle and

you can work it out that it is zero in one

direction i.e the Z direction but non zero

in the phi direction
overrightarrowephi

swarrow

sigmanneq0
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but non zero in the O1 direction

sigma40
overrightarrowez

This example illustrates why the extrinsic curvature

is not a scalar but a tensor it can be

differentindifferent

directions.Finally
we can consider yet another example of

a 2D surface in mathbbR3 a 2

sphere.Inthis case it's not difficult to show that

theintrinsiccurvature is nonzero and indeed the

RicciScalerR1overlineR2neq0

overlineR
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At the same time the extrinsic curvature is

also nonzero in both the and Phi directions

nwarrow overrightarrowetheta
overrightarrowephi

Y
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A second and equivalent manner to

definetheextrinsic aureture does not compare the

unit normals to Sigmat at different locations but

tother looks at the same normal on different
t const slices To this scope we need the

acceleration of normal

observers.Infull analogy with the acceleration of

athidelement and hence of an observer comoxing
with the fluid with unit four velocity u

15widetildeamuununablanuumu

we can define the acceleration of normal observers as

16amunnunablanunmu
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1

Sigmat2

Sigmax

and subsequently offine the extrinsic

curvatureas

Kmununablamunnunmuanu left17right

The interpretation of this definition is also clear
Eulerian observers can be thought as passive
tracers of spacetime cure tune and the correspon

ding tangent vectors will converge or divergedepending
on the extrinsic curvature

Note that K is fully spetial

kcdotn0Kmununmu leftthetaright
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There is a third and final definition of the
extrinsic curvature and this involves the use of
the Lie derivative Let me refresher this concept

The Lie derivative of a vector field u relative to
another vector field fracV is given by

19

yvunablavunablauvleftunderlineuunderlinevrightleftfracvunderlineuright
In component form

leftmathcalLnuUrightmuVnunablanuUmuUnunablanuVmuVnupartialnuUmuUnupartialnuVmu
leftLnuurightmuVnupartialnuumuunupartialmuVnu

Let mebriefly recall the properties of the Lie derivative

LphiunderlinevIphiLunderlineVTfracVLIphi

LnuphiVnupartialnuphi

LvleftaYbZrightaLvYbLvZ

LunderlinenuleftZYrightLnuleftZrightYZLnuY

LunderlinenuleftTbetaalpharightVmupartialmuTalphabetaTbetamupartialmuValphaTmualphapartialbetaVmu

torsion free

spacetimeB
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We can now compute the Lie derivative of the spatial
metric along the time normal this is a sort of
time derivative since eta is where the time coordinate

changes

yngammamununalphanablaalphagammamunugammamualphanablanunalphagammanualphanablamunalpha
see exercise

C2o2Kmunu

From this relation we conclude that

21

Kijfrac12Lunderlinengammaij

Recalling now that talphanbetaLeftrightarrowalphantbeta
LalphanalphaLn

ynfrac1alphaLalphanfrac1alphaleftLpmLbetarightfrac1alphaleftpartialtLbetaright
Stated differenty the tie derivative along the

time like unit vector n is equivalent to the
combined derivative along the time direction plus

that along the generatix of vector field beta
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As a result we should expect exolution equations
of the type

leftxLunderlinefrightxldots
where x can be a scalar vector tensor quantity living
on Sigmat

LbetagammamugammabetaalphanablaalphagammamugammagammamualphanablanubetaalphagammaalphanunablamubetaalphabetaalphanablaalphanmunnubetaalphanablaalphagmununmunalphanablanubetaalphagmualphanablanubetaalphaWe can rewrite Eg 21 as

stgammaij2alphakijLbetagammaij

2alphakijDibetaiDjbetai

2alphakij2Dleftibetajrightstgammaij

betacdotunderlinen0nalphannunablamubetaalphagalphanunablamubetaalpha
nablanubetamunablamubetanuRightarrowLbetagammaijDibetajDibetai

22

Note that Eg 22 can be seen both as a derivative

of Kii and as a kinematical description of coordinates

22

extrinsic curvature Effi:t Ise
H

yer
ns0t by



We will finally turn over to the Einstein equations
and recall in what follows a number of identities
derived well before Einstein's theory of General Relativity
and that are generic equations of differentialgeometry
resulting from the different possible combinations of
projections onto Sigmat of the Riemann

Sensor.Westart with the Gauss Codezzi equations
which are relative to a full spatial projection of
the Riemann tensor fracR

8 8.8.8 R

gammaalphamugammabetanugammadeltagammagammasigmaR mops left3rightRapox Karkp lambdaKalphalambdaKbetadelta

Next we consider the Codazzi Mainardi equations
that involve r r J N R

73

gammaalphamugammabetanugammachirhonsigmaR Moe DalphaKbetalambdaDbetaKalphalambda
and the Ricci equations that involve t.t.n.in R

gammamualphagammanubetandeltanlambdaR Spx left3rightRmunuKKmunuknulambdaKmulambda

24

25

1317



where

KKMmu

is the trace of the extrinsic curvature

Combining the identities 23 25 we can write an

exolution equation for the extrinsic curvature

partialxkijDiDjalphabetakpartialkkijkijpartialkbetakkiepartialjbetalalphaleftleft3rightRijkkij2kiekjlright4pialphaleftrijleftSEright2sijright

26

contributions comingfrom the energy momentum
tensor theseterms are zero in recuum
Spacetimeswhere

27 deltamunugammamualphagammabetagammaTalphabeta spatial part of energy momentum
tensor

20 deltamugammamualphanbetaTalphabeta momentum density

trace of29 SSmumu
1301 EnalphanbetaTalphabeta energy density measured by

Eulerian observer

eUalphaubetaTalphabeta energy density in fluid comoxing frameBIG



Note that the two exolution equations we have

seen so for are for the 3 metic and the

extrinsic curvature

partialtgammaij2alphakijldots partialtxsqrt

DtkijDiDjalphaldots partialtvapartialt2x

kinematics

dynamicsLet's
do some counting of the

equations.Einstein
equations are 0 nonlinear second order

in time partial differential equations Gmr is a

rank 2 tensor ie with 16 components that is

symmetric ie only to are independent
What we have derived so far are

partialtgammaij2alphakijldots 6 equations gammaicdot has 9
components but 6 independent

DtKijDiDjalphaldots 6

equations12
first order in time egs
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Because a second order in time equation can

be written as 2 first order in time equations we

are short of 8 equations This is because we

have not considered all possible identities of
the projections of the Riemann tensor and
concentrated only on those involving a time

derivativeLet'sconsider the identity involving
8 8 2I

84 gammabetagamma
Rapmo 2GmununmunnuRightarrow

31

equation

3

Rk2kijkij16piE

which is a generalisation of Gauss Theoreman

Egregium relating intrinsic and extrinsic curvatures and

J ncdotG gammaalphamunnu gyu Rleft9alphamunalphanmurightnnu 9N R
leftnalphanalpharightR0

gamma2munnuGmunugamma2munnuRmunuDalphaKDmukalphamu

left32rightDjleftkijrikright8pisi
3 equations
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Equations 31 and 32 do not have time derivatives
and in fact they are elliptic equations Because they
express relations among

the intrinsic and extrinsic

curvatures at any time they are called constrain

equations

In particular
3

Rk2kijkij16piE Hamiltonian constraint

Djleftkijrijkright8pisi momentum constraint

As a result the Einstein equationS cost in a

31 form amount to 12 evolution equations
a gamma

ij Aki and to 4 constraintequations
wedge similar structure evolution constraints is

not new in physics A verygood example is given
by the Maxwell equations which I write in
Coon
powent and vector form

partialtEivarepsilonijkpartialjBk4piJipartialtBivarepsilonijkpartialjEkpartialiEi4pirhoepartialiBi0 partialtoverrightarrowEoverrightarrownablatimesoverrightarrowB4pioverrightarrowJpartialtoverrightarrowBoverrightarrownablatimesoverrightarrowEoverlinenablacdotoverrightarrowE4pirhoeoverrightarrownablacdotoverrightarrowB0
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The first six are clearly evolution equations for
the electric and magnetic fields while the second
six equations are constraints that must be satisfied
at
any

time.Just
like for the Maxwellequations where it is

possible to show that if the constraints are satisfied
initially they are satisfied at all times so for the
Einstein equations it is possible to show that if
the constraints are satisfied initially the exolution

preserves them The problem is that this is the

only when the constraints are satisfied exectly
and this is never the case in numerical calculations

The set of equations

partialtgammaij2alphakijldots
exolution equations

DtkijDiDjalphaldots

3

Rk2kijkij16piE
constraint equations

Djleftkijrijkright8pisi

is also known as the ADM equations or the
ADM formulation of the Einstein equations

B2 2



Essentially all numerical relativity codes do not
solve the constrain equations but at the initial time
and to set the initial date Only the evolutions

equations are actually solved and the violations of
the constraintequations are only monitored e.g
in terms of the L2 norms

For
many years the ADM equations have been

employed in numerical relativity for the solution of

the Einstein equations This has changed when

experience and endytic calculations have shown

they are weakly hyperbolic and not strongly

hyperbolic.As

a result they are not guaranteed to lead to

well posed initial value problem Indeed the mineral

solution of the ADMequations repidly leads to
instabilities and blow ups We will see next how

to fix the ADM equations and make them

hyperbolic

1323



To make these statements less cryptic let us recall

that a system of first order partial differential
equations can always be cast in the form

partialtuAlefturightnablauS I

u state vector rector of all exolved quantities

S source

vectorAmatrix of coefficients

The system i is said to be linear if fracA has
constant coefficients and quasi linear if underlineAunderlineAlefturight

The system i is said to be strongleftyright hyperbolic if
A is diegonalizable with a set of real eigenvalues

and a set of linearly independent right eigenvectors

LambdaR1ARARleftirightlambdaiRleftirightlambdaiinmathbbR

1324



i are also called characteristics or were speeds and

reflect that a hyperbolic system propagates waves

The system i is said to be weekly hyperbolic if
A is not oliego malizable

The importance of hyperbolicity is contained in a

theorem that relates hyperbolicity to well posediness
We recall that given
Uleftx0right initial data of the systemCl

uleftxtright solution of G at time t0

then 1 is well posed iff

2leftuleftxtrightrightleqkeatleftuleftx0rightright
That is the norm of fraculeftxtright any norm will
grow in time at most exponentially Of course
one expects that leftuleftxtrightright const but well posadeness

guarantees that the solution will not blow up
Clearly what one wishes to have in a numerical solution

With all the relevant definitions having been
spilled out we can finally enunciate the theorem

A strongly hyperbolic system is also well posed

B25


