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Goal of the lecture

The goal is to derive the structure of relativistic Israel–Stewart theory from the relativistic Boltzmann
equation using the 14-moment approximation.

The key transition is

Navier–Stokes : Π, nµ, πµν are algebraic in gradients,
Israel–Stewart : Π, nµ, πµν are dynamical variables.

The final hydrodynamic theory consists of the conservation laws

∂µNµ = 0, ∂µT µν = 0,

plus relaxation-type equations for the dissipative currents.
The 14-moment method is different from the Chapmann-Enskog theory based on the Knudsen
expansion. It is a finite-dimensional closure of the momentum dependence of the distribution function.

S. Plumari (DFA-UniCT / INFN-LNS) Israel–Stewart from 14 Moments 2 / 34



Historical background I: from Grad to relativistic moments

Grad introduced moment methods in nonrelativistic kinetic theory as an alternative to the
Chapman–Enskog gradient expansion.

The central idea is to approximate the distribution function by finitely many momentum-space tensors:

1, kµ, kµkν , . . .

Instead of immediately eliminating non-equilibrium moments in favor of gradients, one keeps them as
independent variables and derives their equations of motion.
This is why moment methods naturally lead to transient hydrodynamics: dissipative currents acquire
their own evolution equations.
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Historical background II: Israel and Stewart

Israel and Stewart adapted Grad’s finite-moment idea to relativistic kinetic theory. Their construction is
based on the observation that a dissipative relativistic fluid is specified by

Nµ, T µν .

Since Nµ has 4 components and T µν is symmetric with 10 components, the corresponding truncation
contains

4 + 10 = 14

independent quantities.

The approximation is therefore designed to make

fk = fk(α0, β0, uµ, Π, nµ, πµν).

The number 14 is not arbitrary: it is due to the independent information contained in Nµ and T µν .
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Israel-Stewart theory from 14-moment approximation

Boltzmann equation
kµ∂µfk = C[f ]

Hydrodynamic decomposition
Nµ, T µν

14-moment ansatz
δfk = f0kf̃0kδyk

δyk = ϵ + kµϵµ + kµkνϵµν + · · ·

Matching
coefficients ↔ Π, nµ, πµν Second moment

∂λIλµν =
∫

dK kµkνC[f ]

Israel–Stewart equations
relaxation dynamics

Output: evolution equations for Π, nµ, and πµν .
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Diagram: Chapman–Enskog vs Israel–Stewart

Chapman–Enskog

expand in gradients / Knudsen number

Π, nµ, πµν algebraic in gradients

first order: Navier–Stokes

Israel–Stewart

truncate momentum dependence of fk

Π, nµ, πµν independent fields

transient relaxation equations
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Conventions

The local-rest-frame energy is
Ek ≡ kµuµ.

The spatial projector is
∆µν = gµν − uµuν .

Irreducible projections are
A⟨µ⟩ = ∆µ

νAν ,

A⟨µν⟩ = ∆µν
αβAαβ .

All tensors are decomposed with respect to the local velocity uµ. We work in the Landau frame.
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Kinetic starting point

The relativistic Boltzmann equation is
kµ∂µfk = C[f ].

The conserved current and energy-momentum tensor are

Nµ = ⟨kµ⟩ , T µν = ⟨kµkν⟩ ,

where
⟨· · ·⟩ =

∫
dK (· · · )fk.

Collision invariants imply
∂µNµ = 0, ∂µT µν = 0.

These conservation laws are exact. Israel–Stewart theory adds evolution equations for non-conserved
dissipative moments.
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Hydrodynamic decomposition

Landau frame:
T µνuν = εuµ.

The current and stress tensor are decomposed as

Nµ = nuµ + nµ, uµnµ = 0,

T µν = εuµuν − ∆µν(P0 + Π) + πµν ,

with
uµπµν = 0, πµ

µ = 0.

The independent variables are α0, β0, the three independent components of uµ, and the dissipative
fields Π, nµ, πµν .
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Hydrodynamic equations from conservation laws

Projecting ∂µNµ = 0 and ∂µT µν = 0 gives the equations for the primary hydrodynamic fields:

Dn + nθ + ∇µnµ − nµDuµ = 0,

Dε + (ε + P0 + Π)θ − πµνσµν = 0,

(ε + P0 + Π)Duα − ∇α(P0 + Π) − παβDuβ + ∆α
ν∇µπµν = 0.

Here
θ ≡ ∂µuµ, σµν ≡ ∇⟨µuν⟩.

These are not yet a closed system because Π, nµ, and πµν still need equations of motion from
Israel-Stewart theory.
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Local equilibrium and matching

We have seen that the local-equilibrium distribution is

f0k = [exp(β0Ek − α0) + a]−1
, β0 = 1/T, α0 = µ/T.

Landau matching fixes
n = n0 = ⟨Ek⟩0 , ε = ε0 =

〈
E2

k

〉
0 .

The pressure split is
P0 = −1

3 ⟨∆µνkµkν⟩0 , Π = −1
3 ⟨∆µνkµkν⟩δ .

Matching fixes the local thermodynamic state around which the non-equilibrium distribution is
expanded.
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Israel–Stewart distribution ansatz

The non-equilibrium single-particle distribution function is written as

fk = [exp(−yk) + a]−1
.

The local-equilibrium value is
y0k = α0 − β0uµkµ = α0 − β0Ek.

The yk is expanded in momentum space around its local equilibrium value

δyk ≡ yk − y0k = ϵ + kµϵµ + kµkνϵµν + kµkνkλϵµνλ + · · · .

For small deviations,
fk = f0k + f0kf̃0kδyk + O(δy2

k).

The expansion is in momentum tensors obtained by the 4-momentum kµ (i.e. 1, kµ, kµkν , · · · ), not in
spacetime gradients.
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The 14-moment truncation
The traditional approximation keeps only terms up to quadratic order:

δyk ≃ ϵ + kµϵµ + kµkνϵµν .

Without loss of generality, we have that is symmetric ϵµν = ϵνµ and traceless ϵµ
µ = 0

Any antisymmetric part ϵA
µν of ϵµν does not contribute to kµkνϵµν because kµkνϵA

µν = 0, and the trace
can be absorbed into the scalar coefficient.

Degree counting:
ϵ : 1, ϵµ : 4, ϵµν : 9, 1 + 4 + 9 = 14.

This is a finite polynomial approximation in momentum space. It retains precisely enough tensorial
structures to represent scalar, vector, and rank-two dissipative distortions. The coefficients ε, εµ, and
εµν are not new hydrodynamic variables.
They can be related to the 14 components of Nµ and T µν using the matching procedure and, therefore,
they will be related to the variable α0, β0, Π, uµ, nµ and πµν .
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Currents in the 14-moment approximation

Substituting fk = f0k + f0kf̃0k(ϵ + kµϵµ + kµkνϵµν) into the definitions of Nµ and T µν gives

Nµ = Iµ
0 + ϵJµ

0 + Jµν
0 ϵν + Jµνλ

0 ϵνλ,

T µν = Iµν
0 + ϵJµν

0 + Jµνλ
0 ϵλ + Jµνλρ

0 ϵλρ.

Notice that the ideal parts are given by Nµ
ideal = Iµ

0 and T µν
ideal = Iµν

0
Obviously the other terms related to Jα1,...αn

0 comes from the dissipative corrections to fk

Where we have introduced the tensors

Iα1···αn
0 =

∫
dK kα1 · · · kαnf0k,

Jα1···αn
0 =

∫
dK kα1 · · · kαnf0kf̃0k.

The tensor structure depends only on uµ and gµν

Iµ
0 = I10uµ, Jµ

0 = J10uµ,

Iµν
0 = I20uµuν − I21∆µν ,

Jµν
0 = J20uµuν − J21∆µν .
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Matching equations
The 14 coefficients (ϵ,ϵµ, ϵµν) are fixed by

∆µ
νNν = nµ,

∆µν
αβT αβ = πµν ,

−1
3∆µν(T µν − T µν

ideal) = Π,

uµ(Nµ − Nµ
ideal) = 0, uν(T µν − T µν

ideal) = 0.

The first three equations define the dissipative currents. The last two impose particle matching and the
Landau-frame condition.

Quantity Constraint Independent components
α0, β0, Π scalar quantities 3
uµ uµuµ = 1 3
nµ uµnµ = 0 3
πµν symmetric, traceless, transverse (uµπµν = 0) 5
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Dissipative currents in terms of coefficients ϵ,ϵµ,ϵµν

The relation between dissipative fields and kinetic coefficients are given:

Π = J21ϵ + J31uλϵλ +
(

J41 + 5
3J42

)
uλuρϵλρ,

nµ = −J21∆µνϵν − 2J31∆µνuλϵνλ,

πµν = 2J42∆µν
λρϵλρ.

Exercise: Prove the above equations.
This set of equations can be inverted as

ϵ = E0Π,

ϵλ = D0Πuλ + D1nλ,

ϵλρ = B0(∆λρ − 3uλuρ)Π + B1u(λnρ) + B2πλρ.
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Solution of the matching system
Defining

Dnq = Jn+1,qJn−1,q − J2
nq, Jnq ≡ (−1)q

(2q + 1)!!
〈
f̃0k(kµuµ)n−2q(∆µνkµkν)q

〉
0

The vector and tensor sectors give

B1 = J31

D31
, D1 = − J41

D31
, B2 = 1

2J42
.

For the scalar sector,
E0

3B0
= m2 + 4J31J30 − J41J20

D20
≡ −C1,

D0

3B0
= −4J31J20 − J41J10

D20
≡ −C2,

B0 = − 1
3C1J21 + 3C2J31 + 3J41 + 5J42

.

After this step, the distribution function is closed in terms of the 14 hydrodynamic variables.
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Closed 14-moment distribution
The distribution function becomes

fk = f0k + f0kf̃0kδyk,

with
δyk = E0Π + kλ(D0Πuλ + D1nλ) + kλkρϵλρ,

ϵλρ = B0(∆λρ − 3uλuρ)Π + B1u(λnρ) + B2πλρ.

Any non-equilibrium moment computed with this distribution is now expressible through Π, nµ, and πµν .

The correction can be written schematically as

δfk = f0kf̃0k

[
AΠ(Ek)Π + An(Ek)k⟨µ⟩n

µ + Aπ(Ek)k⟨µkν⟩π
µν

]
.

Bulk pressure Π: scalar distortion.
Particle diffusion nµ: vector distortion.
Shear stress πµν : traceless tensor distortion.

The distribution is no longer exactly isotropic in the local rest frame. The 14-moment approximation
parameterizes the leading non-equilibrium distortions by macroscopic dissipative currents.
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Equations of motion for dissipative currents
After the 14-moment approximation, the non-equilibrium correction δfk is expressed in terms of the dissipative
currents

Π, nµ, πµν .

The remaining task is to determine their equations of motion. In the traditional Israel–Stewart derivation, this is
done by taking the second moment of the Boltzmann equation:

∂λIλµν =
∫

dK kµkνC[f ], Iλµν =
∫

dK kλkµkνfk.

The 14-moment ansatz fixes the form of δfk, but it does not uniquely determine which moment of the
Boltzmann equation should be used to obtain the evolution equations for the dissipative currents.

The use of the second moment is a prescription of the traditional Israel–Stewart construction. Following the
paper by Denicol (2010)a, one may instead derive the equations of motion directly from the kinetic definitions of
Π, nµ, and πµν .

aG. S. Denicol, T. Koide, and D. H. Rischke, Phys. Rev. Lett. 105, 162501 (2010).
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Kinetic equations for dissipative currents

From the definitions of the dissipative currents,

DΠ = −1
3m2

∫
dK Dδfk,

Dn⟨µ⟩ =
∫

dK k⟨µ⟩Dδfk,

Dπ⟨µν⟩ =
∫

dK k⟨µkν⟩Dδfk.

Using the Boltzmann equation,

Dδfk = −Df0k − 1
Ek

k⟨µ⟩∇µfk + 1
Ek

C[f ].

These exact equations become hydrodynamic equations once the 14-moment approximation is inserted
into all non-equilibrium moments.
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DΠ + C = − m2

3 αs
0θ −

(
2
3 − m2

3
G20

D20

)
Πθ − m2

3
G20

D20
πµνσµν − m2

3
G30

D20
∂µnµ

+ m4

9
〈
E−2

k

〉
δ

θ + m2

3
〈
E−2

k k⟨µkν⟩〉
δ

σµν + m2

3 ∇µ

〈
E−1

k k⟨µ⟩〉
δ

.

Dn⟨µ⟩ − Cµ = αv
0∇µα0 + nνωµν − nµθ − 3

5nνσµν + β0J21

ϵ0 + P0

(
ΠDuµ − ∇µΠ − πµνDuν + ∆µ

ν∇λπλν
)

− m2

3
〈
E−2

k k⟨µ⟩〉
δ

θ − ∆µ
λ∇ν

〈
E−1

k k⟨λkν⟩〉
δ

− 2m2

5
〈
E−2

k k⟨ν⟩〉
δ

σµ
ν

− m2

3 ∇µ
〈
E−1

k

〉
δ

−
〈
E−2

k k⟨µkνkλ⟩〉
δ

σλν .

Dπ⟨µν⟩ − Cµν = αt
0σµν − 4

3πµνθ − 10
7 πλ⟨µσ

ν⟩
λ + 2πλ⟨µω

ν⟩
λ + 6

5Πσµν

− 4m2

7 ∆µν
αβ

〈
E−2

k k⟨λkα⟩〉
δ

σβ
λ − 2m4

15
〈
E−2

k

〉
δ

σµν − 2m2

5 ∆µν
αβ∇α

〈
E−1

k k⟨β⟩〉
δ

− m2

3
〈
E−2

k k⟨µkν⟩〉
δ

θ −
〈
E−2

k k⟨µkνkλkρ⟩〉
δ

σλρ − ∆µν
αβ∇λ

〈
E−1

k k⟨αkβkλ⟩〉
δ

.

These equations are exact but not yet closed. The 14-moment approximation is then used to express those
moments, and the collision integrals C, Cµ, Cµν , in terms of Π, nµ, and πµν .
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Collision projections and relaxation terms
Define

C = 1
3m2

∫
dK E−1

k C[f ],

Cµ =
∫

dK E−1
k k⟨µ⟩C[f ],

Cµν =
∫

dK E−1
k k⟨µkν⟩C[f ].

Within the 14-moment approximation,

C = 4
3m2B0As

02Π,

Cµ = −B1
Av

01
β0

nµ,

Cµν = −B2
At

00
β2

0
πµν .

These terms generate the relaxation times of the dissipative currents.
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Linearized collision integrals
keeping only the first-order non-equilibrium correction to the distribution function the collision integrals entering
the equations of motion are evaluated with the linearized collision operator.
Up to terms of order O(δy2

k), one obtains

C = m2

3ν

∫
dK dK′ dP dP ′ 1

Ek
Wkk′→pp′ f0kf0k′ f̃0pf̃0p′ (yp + yp′ − yk − yk′ ) , (3.152)

Cµ = 1
ν

∫
dK dK′ dP dP ′ k⟨µ⟩

Ek
Wkk′→pp′ f0kf0k′ f̃0pf̃0p′ (yp + yp′ − yk − yk′ ) , (3.153)

Cµν = 1
ν

∫
dK dK′ dP dP ′ k⟨µkν⟩

Ek
Wkk′→pp′ f0kf0k′ f̃0pf̃0p′ (yp + yp′ − yk − yk′ ) . (3.154)

The equilibrium contribution drops out because y0k = α0 − β0Ek is built from collision invariants. Hence

y0p + y0p′ − y0k − y0k′ = 0,

and only the first-order deviation from equilibrium contributes to C, Cµ, and Cµν .
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Israel–Stewart equation for bulk pressure

The bulk-pressure equation has the form

τΠDΠ = −Π − ζθ − δΠΠΠθ + λΠππµνσµν

−ℓΠn∇µnµ − τΠnnµDuµ − λΠnnµ∇µα0.

Equivalently,
τΠDΠ + Π = −ζθ + second-order couplings.

The first two terms describe relaxation toward the Navier–Stokes value ΠNS = −ζθ.
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Israel–Stewart equation for diffusion

The diffusion-current equation has the form

τnDn⟨µ⟩ = −nµ + κ∇µα0 − τnnnνωνµ − δnnnµθ − λnnnνσµν

+ℓnπ∆µν∇λπλ
ν − τnππµ

νDuν − λnππµν∇να0

−ℓnΠ∇µΠ + τnΠΠDuµ + λnΠΠ∇µα0.

Neglecting relaxation and second-order terms gives the Navier–Stokes limit nµ ≃ κ∇µα0.
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Israel–Stewart equation for shear stress

The shear-stress equation has the form

τπDπ⟨µν⟩ = −πµν + 2ησµν + 2τπππ⟨µ
αων⟩α

−δπππµνθ − τπππ⟨µ
ασν⟩α − τπnn⟨µDuν⟩

+ℓπn∇⟨µnν⟩ + λπnn⟨µ∇ν⟩α0 + λπΠΠσµν .

The leading relaxation structure is

τπDπ⟨µν⟩ + πµν = 2ησµν + · · · .
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Complete hydrodynamic system

The Israel–Stewart system is the conservation sector

Dn + nθ + ∇µnµ − nµDuµ = 0,

Dε + (ε + P0 + Π)θ − πµνσµν = 0,

(ε + P0 + Π)Duα − ∇α(P0 + Π) − παβDuβ + ∆α
ν∇µπµν = 0,

including the transient sector
τΠDΠ + Π = −ζθ + · · · ,

τnDn⟨µ⟩ + nµ = κ∇µα0 + · · · ,

τπDπ⟨µν⟩ + πµν = 2ησµν + · · · .

This is now a closed system and a causal theory once an equation of state and all transport coefficients
are supplied.
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First-order transport coefficients

The first-order transport coefficients obtained in this approach are given

ζ = αs
0

4B0As
02

κ = β0αv
0

B1Av
01

η = β2
0αt

0
2B2At

00
.

These coefficients are controlled by the same scalar, vector, and tensor collision matrices that appear in
Chapman–Enskog theory.
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Relaxation times
The relaxation times are

τΠ = 3
4m2B0As

02

τn = β0

B1Av
01

τπ = β2
0

B2At
00

.

The corresponding ratios are

τΠ

ζ
= 3

m2αs
0

,
τn

κ
= 1

αv
0

,
τπ

η
= 2

αt
0

.

Finite relaxation times are the main new physical ingredient compared with first-order relativistic
Navier–Stokes theory. Notice that the ratios between the relaxation times and the corresponding
transport coefficients are thermodynamical quantities which are independent of the collision term.
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Navier–Stokes limit inside Israel–Stewart

At late times, or when microscopic relaxation is fast compared with macroscopic evolution,

τiẊi ≪ Xi.

Then the Israel–Stewart equations reduce to

Π ≃ −ζθ, nµ ≃ κ∇µα, πµν ≃ 2ησµν .

Israel–Stewart
transient equations

Navier–Stokes
algebraic relations

asymptotic limit

Israel–Stewart theory contains Navier–Stokes as a limiting regime, but does not impose instantaneous
constitutive relations. Dissipative currents relax toward the Navier–Stokes values over microscopic time
scales.
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Physical interpretation

The 14-moment approximation turns the Boltzmann equation into a finite-dimensional dynamical
system for

α0, β0, uµ, Π, nµ, πµν .

The conservation laws evolve the primary fields, while the relaxation equations evolve the dissipative
fields.

This is the kinetic origin of transient relativistic dissipative hydrodynamics.
The approximation is not exact: it truncates the momentum dependence of δyk. Modern formulations
improve this by using systematic moment expansions and power counting.
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Backup slides
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Linear system for matching coefficients

Substitution gives
J21D1 + J31B1 = −1, 2J42B2 = 1,

J21E0 + J31D0 − (3J41 + 5J42)B0 = 1,

J10E0 + J20D0 − 3(J30 + J31)B0 = 0,

J31D1 + J41B1 = 0,

J20E0 + J30D0 − 3(J40 + J41)B0 = 0.

Technical comment. The system separates into scalar, vector, and tensor sectors, reflecting the
decomposition of Π, nµ, and πµν .

S. Plumari (DFA-UniCT / INFN-LNS) Israel–Stewart from 14 Moments 34 / 34


